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Abstract
The paper analyzes discrete contact problems with the Coulomb law of friction which involves a solution-dependent coefﬁcient
of frictionF. Solutions to these problems are deﬁned as ﬁxed points of an auxiliary mapping. It is shown that there exists at least
one solution provided that F is bounded and continuous in R1+. Further, conditions guaranteeing uniqueness of the solution are
studied. The paper is completed by numerical results of several model examples.
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0. Introduction
Contact mechanics is a special branch of mechanics of solids analyzing the behavior of loaded deformable bodies
which are in mutual contact. Besides unilateral conditions one has to take account the inﬂuence of friction on contacting
parts. In spite of the fact that Coulomb friction is a classical one, mathematical analysis remained open for a long time
for the following reason: the mathematical model leads to a nontrivial implicit variational inequality of elliptic type
for displacements or to a quasivariational inequality for contact stresses [4]. To overcome mathematical difﬁculties
related to this problem, regularized versions such as a nonlocal or a normal compliance friction law were considered
[13,14]. The existence of a solution for a local Coulomb friction law was established for the ﬁrst time in [15] by using a
ﬁxed point approach. It was shown that for a sufﬁciently small coefﬁcient of Coulomb friction which does not depend
on a solution there exists at least one solution. In [5] the authors used another technique based on a simultaneous
penalization of unilateral conditions and a regularization of the frictional term. This technique is powerful from the
theoretical point of view but not very convenient for computations. Indeed, after a discretization one obtains a system
of nonlinear algebraic equations which depends on two small parameters. It turns out that the computational process
depends strongly on their choice [6]. Nowadays the ﬁxed point approach is preferred as a basis for numerical realization
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Fig. 1. Geometry of the problem.
of contact problems with Coulomb friction. A possible way how to ﬁnd ﬁxed points which characterize solutions to
contact problems with Coulomb friction is to express the corresponding weak formulation in the form of a generalized
equation which can be solved by methods of non-smooth optimization [1,16]. Another way for ﬁnding ﬁxed points
is a classical method of successive approximations. Each iterative step leads to a contact problem with given friction
whose mathematical model is given by an elliptic inequality of the second kind [8,10], i.e. a problem which is much
simpler. The efﬁciency of this approach depends, among others, how efﬁciently particular iterative steps can be realized.
Using their formulation in terms of displacements one gets, after a suitable discretization, a constrained minimization
problem for a non-smooth function and linear inequality constraints. To avoid difﬁculties with non-differentiability of
the minimized function, a dual formulation in terms of contact stresses which leads to a smooth quadratic programming
problem with simple (box) constraints is preferred [10].
A coefﬁcient F of Coulomb friction is usually assumed to be independent of solutions to the problem. From
experiments it is known thatFmay depend on the tangential component of contact displacements (or on the tangential
velocity in quasistatic problems). Existence of solutions to contact problemswithCoulomb friction involving a solution-
dependent coefﬁcientF was proven in [5]. The authors used again the method of a simultaneous penalization and a
regularization. The discrete version of this approachwas theoretically analyzed in [12]. For the reasonsmentioned above
we prefer a ﬁxed point approach also in the case whenF depends on a solution. This paper extends results from [11]
where the model with given friction was studied. We will focus solely on the discrete case, i.e. no convergence analysis
will be done. In Section 1, we introduce deﬁnitions of a classical and a weak solution to the problem. Further, we give
an equivalent ﬁxed point formulation for a mapping  from a convex set X into itself. The set X is a Cartesian product
of two positive cones in the trace space deﬁned on the contact part and its dual. Section 2 deals with an appropriate
discretization hH of  which is based on a mixed ﬁnite element approximation of contact problems with given
friction and a coefﬁcient which does not depend on a solution. Displacements and contact stresses are approximated
by piecewise linear, piecewise constant functions, respectively. Fixed points of hH are considered to be solutions
of discrete contact problems with Coulomb friction and a solution-dependent coefﬁcientF. We will prove that ﬁxed
points of hH exist for any continuous, positive and bounded function F in R1+. In addition, if F is small enough
and Lipschitz continuous with a sufﬁciently small modulus of Lipschitz continuity, the mapping hH is contractive
in the domain of its deﬁnition. We also prove that the property “to be contractive” is mesh dependent. Section 3
is devoted to numerical realization of the problem which uses the method of successive approximations. We recall
brieﬂy a dual formulation of each iterative step. Finally, numerical results of several model examples will be shown
in Section 4.
1. Setting of the problem
A plane elastic body is represented by a bounded domain  ⊂ R2 whose Lipschitz boundary  is a union of three
non-empty, non-overlapping parts u, p and c:  = u ∪ p ∪ c. The body is ﬁxed on u, surface tractions of
density P act onp, while the rigid foundation S supports alongc. Next we shall suppose that S=R2−={(x1, x2) ∈
R2 | x20} and c is a straight line segment placed on the x1-axis, i.e. there is no gap between  and S (see Fig. 1).
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In addition, the inﬂuence of friction on c will be taken into account. Finally,  is subject to body forces of density F .
Our aim is to ﬁnd an equilibrium state of .
This state is characterized by a displacement vector u = (u1, u2) which satisﬁes the following system of equations
and boundary conditions (a summation convention is adopted):
Equilibrium equations:
ij
xj
+ Fi = 0 in ; i = 1, 2. (1.1)
A stress tensor = (ij )1 i,j2 is related to a linearized strain tensor  := (u)= (ij (u))1 i,j2 by means of a linear
Hooke law
ij = cijklkl(u), i, j, k, l = 1, 2; kl(u) = 12
(
uk
xl
+ ul
xk
)
. (1.2)
Elasticity coefﬁcients cijkl ∈ L∞() satisfy symmetry and ellipticity conditions
cijkl = cjikl = cklij a.e. in ,
∃= const. > 0: cijklijklijij ∀ij = ji ∈ R1, a.e. in .
Kinematical boundary conditions:
ui = 0 on u, i = 1, 2. (1.3)
Compatibility of  with surface tractions P :
Ti := ij j = Pi on p, i = 1, 2, (1.4)
where = (1, 2) is the unit outward normal vector to .
Taking into account the geometry of c and S, unilateral and friction conditions read as follows:
Unilateral conditions:
u20, T20, u2T2 = 0 on c. (1.5)
The Coulomb law of friction:
u1(x) = 0 ⇒ |T1(x)|F(0)T2(x);
u1(x) 	= 0 ⇒ T1(x) = −F(|u1(x)|) T2(x) signu1(x), x ∈ c.
}
(1.6)
HereF denotes a coefﬁcient of Coulomb friction, which depends on a solution u. Throughout this paper the coefﬁcient
F will be represented by a non-negative and bounded function in R1+:
∃Fmax > 0: 0F(t)Fmax ∀t0 (1.7a)
satisfying certain smoothness assumptions. In this section dealing with a continuous setting of the problem we will
suppose thatF is Lipschitz continuous in R1+:
∃l > 0: |F(t1) −F(t2)| l|t1 − t2| ∀t1, t2 ∈ R1+. (1.7b)
By a classical solution of a contact problem with Coulomb friction we mean any displacement vector u which
satisﬁes (1.1)–(1.6).
Before we give the deﬁnition of a weak solution, we introduce the following sets:1
V = {v ∈ H 1() | v = 0 on u},
V = V × V ,
1 To simplify notation we use the symbol H−1/2(c) to denote the dual space to H 1/2(c) although in the literature same notation stands for
the dual to H 1/200 (c).
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K = {v = (v1, v2) ∈ V | v20 a.e. on c},
H 1/2(c) = {	 ∈ L2(c) | ∃v ∈ V : v = 	 on c},
H−1/2(c) = (H 1/2(c))′ the dual of H 1/2(c),
H
1/2
+ (c) = {	 ∈ H 1/2(c) |	0 a.e. on c},
H
−1/2
+ (c) = {
 ∈ H−1/2(c) | 〈
,	〉0 ∀	 ∈ H 1/2+ (c)}.
Here and in what follows the symbol 〈 , 〉 stands for a duality pairing between H 1/2(c) and H−1/2(c).
Further, denote
a(u, v) :=
∫

ij (u)ij (v) dx,
L(v) :=
∫

Fivi dx +
∫
p
Pivi ds u, v ∈ V,
where F ∈ (L2())2, P ∈ (L2(p))2 and ij (u) = cijklkl(u).
By a weak solution to the problem formulated above we mean any displacement vector u satisfying the following
implicit variational inequality:
Find u ∈ K such that
a(u, v − u) + 〈F ◦ |u1|T2(u), |v1| − |u1|〉L(v − u) ∀v ∈ K,
}
(P)
where T2(u)= 2j (u)j is the normal contact stress on c. We now give an equivalent deﬁnition of (P), which will be
based on a ﬁxed point approach.
Denote X = H 1/2+ (c) × H−1/2+ (c). With any pair (	, g) ∈ X we associate the auxiliary problem
Find u := u(	, g) ∈ K such that
a(u, v − u) + 〈F ◦ 	g, |v1| − |u1|〉L(v − u) ∀v ∈ K.
}
(P(	, g))
It is well-known that (P(	, g)) has a unique solution u for any (	, g) ∈ X. Problem (P(	, g)) is a weak formulation
of a contact problem with given friction and a coefﬁcientF	 :=F ◦	which does not depend on a solution (for more
details see [4,10]). This makes it possible to deﬁne the mapping  : X → X by
(	, g) = (|u1|c |, T2(u)), (	, g) ∈ X, (1.8)
where u = (u1, u2) is a solution of (P(	, g)) and T2(u) ∈ H−1/2+ (c) is the corresponding normal contact stress. The
symbol u1|c stands for the trace of u1 on c.
Comparing (P) and (P(	, g)) we see that u is a solution to (P) if and only if a pair (|u1|c |, T2(u)) is a ﬁxed point
of  in X
(|u1|c |, T2(u)) = (|u1|c |, T2(u)).
Below we recall brieﬂy the mixed formulation of (P(	, g)). To simplify our presentation we will suppose that the
non-negative slip bound g belongs to L2(c) and set X˜ = H 1/2+ (c) × L2+(c) (for more details we refer to [10]).
Denote by
J (v) = 1
2
a(v, v) +
∫
c
F ◦ 	g|v1| dx1 − L(v)
the total potential energy functional. It is well-known that a solution u of (P(	, g)) can be also characterized as follows:
J (u) = min
v∈K J (v) = infv∈V sup
1∈1(	,g)

2∈2
L(v, 
1, 
2),
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where
L(v, 
1, 
2) = 12a(v, v) − L(v) − 〈
1, v1〉 − 〈
2, v2〉
is the Lagrangian of our problem and
1(	, g) = {
 ∈ L2(c)| |
|F ◦ 	g a.e. on c},
2 = H−1/2+ (c).
By a mixed variational formulation of (P(	, g)), (	, g) ∈ X˜ given, we mean a problem of ﬁnding a saddle-point of
L on V × 1(	, g) × 2 which is equivalent to
Find (u, 1, 2) ∈ V × 1(	, g) × 2 such that
a(u, v) = L(v) + 〈1, v1〉 + 〈2, v2〉 ∀v ∈ V,
〈
1 − 1, u1〉 + 〈
2 − 2, u2〉0 ∀
1 ∈ 1(	, g), 
2 ∈ 2.
}
(M(	, g))
It is known (see [10]) that (M(	, g)) has a unique solution for any (	, g) ∈ X˜. In addition, u solves (P(	, g)),
1 = T1(u) and 2 = T2(u) on c. This enables us to give an alternative deﬁnition of ˜ := |X˜ , namely
˜(	, g) = (|u1|c |, 2), (	, g) ∈ X˜, (1.9)
where 2 is the last component of the solution to (M(	, g)).
Remark 1.1. If the slip bound g belongs toL2+(c) then (1.7b) can be replaced by the following continuity assumption
onF:
F ∈ C(R1+). (1.7c)
2. Discretization of contact problems with Coulomb friction
This part deals with a discretization of the problem formulated in Section 1. We will deﬁne an appropriate approxi-
mation of the mapping  : X → X whose ﬁxed points will be considered to be solutions of a discrete contact problem
with Coulomb friction and a solution dependent coefﬁcient of friction. To simplify our presentation, we will suppose
that  is polygonal. In this section, we will suppose thatF satisﬁes (1.7a) and (1.7c).
LetTh be a triangulation of  and Vh ⊂ V be the space of continuous, piecewise linear functions overTh:
Vh = {vh ∈ C() | vh|T ∈ P1(T ) ∀T ∈Th, vh = 0 on u},
Vh = Vh × Vh.
Further, let
Vh = {	h ∈ C(c) | ∃vh ∈ Vh : vh = 	h on c}
be the trace space on c of functions from Vh and
V+h = {	h ∈Vh |	h0 on c}.
ByTH we denote a partition of c into segments Si , i ∈ I, whose lengths do not exceed H .WithTH we associate
the space LH of piecewise constant functions overTH , i.e.
LH = {
H ∈ L2(c) |
H|Si ∈ P0(Si) ∀i ∈ I}.
The set
H = {
H ∈ LH |
H 0 a.e. on c}
will be used as a natural discretization of H−1/2+ (c). Finally, let XhH =V+h × H be the discretization of X.
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For any (	h, gH ) ∈ XhH we deﬁne the problem
Find (uh, H ) ∈ Vh × H such that
a(uh, vh − uh) + [F ◦ 	hgH , |vh1| − |uh1|]
L(vh − uh) + [H , vh2 − uh2] ∀vh ∈ Vh,
[
H − H , uh2]0 ∀
H ∈ H ,
⎫⎪⎬⎪⎭ (M(	h, gH )Hh )
where
[
H , zh] :=
∫
c

Hzh dx1, 
H ∈ LH , zh ∈ Vh.
Remark 2.1. Problem (M(	h, gH ))Hh is amixed ﬁnite element approximation of a contact problemwith given friction
and a coefﬁcientF	h :=F ◦	h. The unilateral constraint u20 on c is released by means of Lagrange multipliers
from H . The last inequality in (M(	h, gH ))Hh says that uh ∈ KhH , where
KhH =
{
vh = (vh1, vh2) ∈ Vh
∣∣∣∣∫
Si
vh2 dx10 ∀i ∈ I
}
, (2.1)
i.e. the unilateral condition on c is satisﬁed in a weak (integral) sense.
In what follows we shall suppose that the following condition is satisﬁed:

H ∈ LH , [
H , zh] = 0 ∀zh ∈ Vh ⇒ 
H = 0. (2.2)
If it is so, (M(	h, gH ))Hh has a unique solution for any (	h, gH ) ∈ XhH . One of possible ways how to guarantee the
satisfaction of (2.2) is to use a partitionTH which is coarser thanTh|c (see [10]).
Since (M(	h, gH ))Hh has a unique solution (uh, H ) for any (	h, gH ) ∈ XhH , one can deﬁne a mapping
hH : XhH → XhH by
hH (	h, gH ) = (rh|uh1|c |, H ), (	h, gH ) ∈ XhH , (2.3)
where rh is the Lagrange interpolation operator by means of piecewise linear functions over the partition of c
generated byTh|c . Since H can be viewed to be an approximation of T2(u) on c, the mapping hH can be viewed
as a discretization of ˜ from (1.9).
Analogously to the continuous setting, any ﬁxed point ofhH in XhH will be called a solution of a (discrete) contact
problem with Coulomb friction and a solution-dependent coefﬁcient of friction.
Next we will show that hH has at least one ﬁxed point for any F satisfying (1.7a), (1.7c) and we will examine
conditions under which the ﬁxed point is unique.
To this end, the spaceVh × LH will be equipped with the norm
‖(	h, 
H )‖ := ‖	h‖0,c + ‖
H‖−1/2,h, (	h, 
H ) ∈Vh × LH , (2.4)
where
‖
H‖−1/2,h = sup
zh∈Vh
zh 	=0
[
H , zh]
‖zh‖1, . (2.5)
Let us observe that in view of (2.2), ‖ ‖−1/2,h deﬁned by (2.5) is a mesh dependent dual norm in LH .
To prove the existence of a ﬁxed point of hH we will use the Brower ﬁxed point theorem. The following result is
straightforward:
Lemma 2.1. The mapping hH : XhH → XhH deﬁned by (2.3) is continuous.
It remains to show that hH maps a closed, bounded convex subset of XhH into itself. This is what we will do now.
Inserting vh = 0 and 2uh into the ﬁrst inequality in (M(	h, gH ))Hh we obtain
‖uh‖21,a(uh, uh) + [F ◦ 	hgH , |uh1|] = L(uh)‖L‖‖uh‖1, (2.6)
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as follows from Korn’s inequality, the non-negativeness of the frictional term [ , ] and the fact that [H , uh2] = 0. The
symbol ‖L‖ denotes the dual norm of L. The trace theorem and (2.6) yield
‖|uh1|‖0,c = ‖uh1‖0,cc1‖uh1‖1,
c1

‖L‖, (2.7)
where c1 is the norm of the trace mapping from V into L2(c).
Further,
‖rh|uh1|‖0,c‖rh|uh1| − |uh1|‖0,c + ‖uh1‖0,cch‖uh1‖1,c + ‖uh1‖0,cc2‖uh1‖0,c , (2.8)
making use of the approximation properties of rh and the inverse inequality between L2(c) and H 1(c) for functions
fromVh.
Remark 2.2. If the partitionTh|c belonged to a family of strongly regular partitions of c, the constant c2 in (2.8)
would be independent of h (see [2]).
From (2.7) and (2.8) we obtain the following estimate for rh|uh1|:
‖rh|uh1|‖0,cR1 :=
c1c2

‖L‖. (2.9)
Let
◦
Vh ⊂ Vh be a subspace of Vh deﬁned by
vh ∈
◦
Vh ⇔ vh = (0, vh2), vh2 ∈ Vh. (2.10)
Since
a(uh, vh) + [F ◦ 	hgH , |vh1|]L(vh) + [H , vh2]
holds for every vh ∈ Vh, we have
a(uh, vh) = L(vh) + [H , vh2] ∀vh ∈
◦
Vh.
Therefore,
‖H‖−1/2,h = sup
vh2∈Vh
[H , vh2]
‖vh2‖1, ‖a‖‖uh‖1, + ‖L‖
R2 :=
(‖a‖

+ 1
)
‖L‖, (2.11)
making use of (2.6).
We proved the following result.
Lemma 2.2. The mapping hH maps XhH ∩ B into itself, where B = {(	h, 
H ) ∈ Vh × LH | ‖	h‖0,cR1,‖
H‖−1/2,hR2}, and R1, R2 are the same as in (2.9), (2.11), respectively.
On the basis of Lemmas 2.1 and 2.2 we arrive at the existence result.
Theorem 2.1. Discrete contact problems with Coulomb friction and a solution-dependent coefﬁcient of friction have
at least one solution for any coefﬁcientF satisfying (1.7a) and (1.7c).
Next, we will analyze under which assumptions onF, the mapping hH is contractive. In addition to (1.7a), we
will suppose thatF satisﬁes (1.7b).
428 J. Haslinger, O. Vlach / Journal of Computational and Applied Mathematics 197 (2006) 421–436
Let (	h, gH ), (	h, gH ) ∈ XhH ∩B, where B is the same as in Lemma 2.2, and (uh, H ), (uh, H ) be the solutions
of (M(	h, gH ))Hh , (M(	h, gH ))
H
h , respectively. Restricting ourselves to test functions vh ∈ KhH we obtain
a(uh, vh − uh) + [F ◦ 	hgH , |vh1| − |uh1|]L(vh − uh),
a(uh, vh − uh) + [F ◦ 	h gH , |vh1| − |uh1|]L(vh − uh).
}
(2.12)
Inserting vh := uh ∈ KhH into (2.12)1 and vh := uh ∈ KhH into (2.12)2 and summing both inequalities we have
‖uh − uh‖21,a(uh − uh, uh − uh)‖F ◦ 	hgH −F ◦ 	h gH‖0,c‖uh1 − uh1‖0,c
c1‖F ◦ 	hgH −F ◦ 	h gH‖0,c‖uh1 − uh1‖1,, (2.13)
where c1 > 0 is the same as in (2.7), and consequently
‖|uh1| − |uh1|‖0,c‖uh1 − uh1‖0,cc1‖uh − uh‖1,
c21

‖F ◦ 	hgH −F ◦ 	h gH‖0,c . (2.14)
The right-hand side of (2.14) can be estimated as follows:
‖F ◦ 	hgH −F ◦ 	h gH‖0,c‖F ◦ 	h(gH − gH )‖0,c + ‖(F ◦ 	h −F ◦ 	h)gH‖0,c
Fmax‖gH − gH‖0,c + l‖	h − 	h‖C(c)‖gH‖0,c , (2.15)
making use of (1.7a) and (1.7b). SinceVh and LH are ﬁnite-dimensional, there exist constants c3, c4 > 0 such that
‖	h‖C(c)c3‖	h‖0,c ∀	h ∈Vh,‖
H‖0,cc4‖
H‖−1/2,h ∀ 
H ∈ LH .
}
(2.16)
This, (2.14) and (2.15) lead to
‖|uh1| − |uh1|‖0,c‖uh1 − uh1‖0,c
c21c4

Fmax‖gH − gH‖−1/2,h +
c21c3c4

lR2‖	h − 	h‖0,c (2.17)
using that ‖gH‖−1/2,hR2.
Since rh enjoys the monotonicity property, one can easily verify that
|rh(|uh1| − |uh1|)|rh|uh1 − uh1| on c.
Hence
‖rh|uh1| − rh|uh1|‖0,c‖rh|uh1 − uh1|‖0,cch‖uh1 − uh1‖1,c + ‖uh1 − uh1‖0,c
c2‖uh1 − uh1‖0,c
arguing as in (2.8). This, together with (2.17) imply the following estimate:
‖rh|uh1| − rh|uh1|‖0,c
c21c2c4

Fmax‖gH − gH‖−1/2,h +
c21c2c3c4

lR2‖	h − 	h‖0,c . (2.18)
Inserting vh ∈
◦
Vh into (M(	h, gH ))Hh and (M(	h, gH ))
H
h we have
a(uh, vh) = L(vh) + [H , vh2],
a(uh, vh) = L(vh) + [H , vh2].
Subtracting these two equations we obtain
‖H − H‖−1/2,h = sup
vh2∈Vh
vh2 	=0
[H − H , vh2]
‖vh2‖1, ‖a‖‖uh − uh‖1,
 ‖a‖c1c4

Fmax‖gH − gH‖−1/2,h +
‖a‖c1c3c4

lR2‖	h − 	h‖0,c (2.19)
using (2.14), (2.15) and the last inequality in (2.17).
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We now are able to announce the main result of this section.
Theorem 2.2. Let hH : XhH → XhH be the mapping deﬁned by (2.3) and letF satisfy (1.7a), (1.7b). Then there
exists a positive number q such that
‖hH (	h, gH ) − hH (	h, gH )‖q‖(	h − 	h, gH − gH )‖ (2.20)
holds for any (	h, gH ), (	h, gH ) ∈ XhH ∩ B, where the norm used in (2.20) is deﬁned by (2.4) and B is the same
as in Lemma 2.2. In addition, ifFmax and l from (1.7a) and (1.7b), respectively are small enough, the constant q in
(2.20) is less than 1, i.e. hH is contractive.
Proof. It follows directly from the deﬁnition of hH , (2.18) and (2.19) by setting
q = max
{(
c21c2c4

+ ‖a‖c1c4

)
Fmax,
(
c21c2c3c4

R2 + ‖a‖c1c3c4

R2
)
l
}
. (2.21)
ForFmax and l small enough, the number q is less than 1. 
Corollary 2.1. LetFmax and l be small enough. Then there exists a unique ﬁxed point ofhH in XhH ∩B. In addition,
the method of successive approximations
(	(0)h , g
(0)
H ) ∈ XhH given;for k = 1, 2, . . . set
(	(k+1)h , g
(k+1)
H ) = hH (	(k)h , g(k)H )
⎫⎬⎭ (2.22)
converges for any choice of (	(0)h , g(0)H ) ∈ XhH .
Remark 2.3. Suppose that the Babuška–Brezzi condition is satisﬁed, i.e.
∃= const. > 0 such that sup
zh∈Vh
zh 	=0
[
H , zh]
‖zh‖1, ‖
H‖−1/2,c
holds for every 
H ∈ LH , where  does not depend on H , h and ‖ ‖−1/2,c is the norm in H−1/2(c). Then
‖
H‖−1/2,c‖
H‖−1/2,h‖
H‖−1/2,c ∀
H ∈ LH
and the mesh dependent norm ‖ ‖−1/2,h in the previous estimates can be replaced by the dual norm ‖ ‖−1/2,c . In
addition, the inverse inequality between L2(c) and H−1/2(c) for 
H ∈ LH implies that the constant c4 in (2.16)2
behaves as 1/
√
H provided that TH belongs to a family {TH }, H → 0+ of strongly regular partitions of c. In
addition, ifTh satisﬁes the locally inverse assumption on c, the constant c3 in (2.16)1 behaves as 1/
√
h (see [7]).
From this, Remark 2.2 and (2.21) we see that to ensure q < 1 the parameters Fmax and l have to decay as
√
Hh,
H, h → 0+. A similar result has been proven for contact problems with Coulomb friction whose coefﬁcient F is
independent of the solution (see [9]).
3. Numerical realization
For numerical realization of contact problems with the Coulomb law of friction involving a coefﬁcient F which
depends on a solution the method of successive approximations (2.22) will be used. Let us recall that each iterative
step leads to a contact problem with given friction and a coefﬁcient which already does not depend on the solution.
The iterative procedure (2.22) updates the slip bound g and the coefﬁcientF by using data from the previous iteration.
Since (M(	h, gH ))Hh is a central part of our algorithm we shall describe in more details its numerical realization.
In order to satisfy the condition (2.2) it must be dimVh dimLH . Below we show the construction of LH for
which dimVh = dimLH . LetNh = {x(i)}qi=0 be the set of all nodes ofTh which are placed on c and denote by
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x(i+1/2) the midpoint of the segment [x(i), x(i+1)], i = 0, . . . , q − 1. The deﬁnition of the partitionTH = {Si}i∈I of
c depends on the mutual position of u and c:
• if u ∩ c = ∅ then dim Vh = q + 1 and S0 = [x(0), x(1/2)],
Si = [x(i−1/2), x(i+1/2)], i = 1, . . . , q − 1, Sq = [x(q−1/2), x(q)];
• if u ∩ c = {x(0)} then dim Vh = q and S1 = [x(0), x(3/2)],
Si = [x(i−1/2), x(i+1/2)], i = 2, . . . , q − 1, Sq = [x(q−1/2), x(q)];
(analogously if u ∩ c = {x(q)});
• if u ∩ c = {x(0), x(q)}then dim Vh = q − 1 and S1 = [x(0), x(3/2)],
Si = [x(i−1/2), x(i+1/2)], i = 2, . . . , q − 2, Sq−1 = [x(q−3/2), x(q)].
From the construction of Si , i ∈ I we see that with any Si one can associate exactly one node x(i) ∈ Si .
To evaluate the frictional term we ﬁrst replace |vh1| by its linear Lagrange interpolant rh|vh1|∫
c
F ◦ 	hgH |vh1| dx1 ≈
∫
c
F ◦ 	hgH rh|vh1| dx1. (3.1)
Next, the integral on the right of (3.1) will be evaluated by the rectangular formulae with the nodes at x(i) ∈ Si , i ∈ I:∫
c
F ◦ 	hgH rh|vh1| dx1 ≈
∑
i∈I
F ◦ 	h(x(i))g(i)H |vh1(x(i))|measSi , (3.2)
where g(i)H = gH |Si using also that rh|vh1(x(i))| = |vh1(x(i))| ∀i ∈ I. The same integration formulae will be used for
the evaluation of the duality term
[
H , vh2] =
∫
c

Hvh2 dx1 ≈
∑
i∈I

(i)H vh2(x
(i))measSi . (3.3)
Thus (M(	h, gH ))Hh reads as follows:
Find (uh, H ) ∈ Vh × H such that
a(uh, vh − uh) + ∑
i∈I
F ◦ 	h(x(i))g(i)H measSi(|vh1(x(i))| − |uh1(x(i))|)
L(vh − uh) + ∑
i∈I
(i)H (vh2(x
(i)) − uh2(x(i)))measSi ∀vh ∈ Vh,∑
i∈I
(
(i)H − (i)H )measSiuh2(x(i))0 ∀
H ∈ H .
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(3.4)
Substituting vh := wh + uh, wh ∈
◦
Vh into the ﬁrst inequality in (3.4) we obtain
a(uh,wh) = L(wh) +
∑
i∈I
(i)H measSi wh2(x
(i)) ∀wh ∈
◦
Vh. (3.5)
From the last inequality in (3.4) we see that uh2(x(i))0 ∀i ∈ I so that uh20 on c. In other words, the rectangular
formulae in (3.3) leads to the inner approximation Kh of K , where
Kh = {vh = (vh1, vh2) ∈ Vh | vh20 on c}.
The ﬁrst component uh of the solution to (3.4) solves the following minimization problem:
uh = argmin
Kh
{
1
2
a(vh, vh) − L(vh) +
∑
i∈I
F ◦ 	h(x(i))g(i)H measSi |vh1(x(i))|
}
. (3.6)
For numerical realization of (3.6) we use again a duality approach.
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To this end, we introduce the convex sets
1(	h, gH ) = {µ ∈ RcardI | |
(i)|F ◦ 	h(x(i))g(i)H measSi ∀i ∈ I},
2 = RcardI+ ,
where 
(i) stands for the i-th component of µ.
Problem (3.6) is equivalent to the following mixed type formulation:
Find (uh, 1, 2) ∈ Vh × 1(	h, gH ) × 2 such that
a(uh, vh) = L(vh) + ∑
i∈I
(i)1 vh1(x
(i)) + ∑
i∈I
(i)2 vh2(x
(i)) ∀vh ∈ Vh,∑
i∈I
(
(i)1 − (i)1 )uh1(x(i)) +
∑
i∈I
(
(i)2 − (i)2 )uh2(x(i))0
∀µ1 ∈ 1(	h, gH ), µ2 ∈ 2.
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (3.7)
Inserting vh ∈
◦
Vh into the ﬁrst equation in (3.7), we obtain
a(uh, vh) = L(vh) +
∑
i∈I
(i)2 vh2(x
(i)) ∀vh ∈
◦
Vh.
From this and (3.5) we see that
(i)2 = (i)H measSi ∀i ∈ I. (3.8)
Next, we present an algebraic form of (3.7). Let v ∈ Rn, n = dim Vh, be a nodal displacement vector and v1, v2 ∈
RcardI be its subvectors whose components are displacements at the contact nodes x(i), i ∈ I in the x1, x2-direction,
respectively. Further, let B1, B2 be the matrix representations of the linear mappings
v → v1, v → v2,
respectively. Then (3.7) is equivalent to
Find u ∈ Rn, 1 ∈ 1(	h, gH ), 2 ∈ 2 such that
Au = L + B1 1 + B2 2
(µ1 − 1,B1u) + (µ2 − 2,B2u)0 ∀µ1 ∈ 1(	h, gH ) ∀µ2 ∈ 2,
}
(3.9)
where A is the stiffness matrix, L is the load vector, ( , ) is the scalar product in RcardI, and B1 , B2 are the transposes
of B1, B2, respectively.
For numerical realization of (3.9) we use a dual approach. From the ﬁrst equation in (3.9) one can express
u = A−1(L + B1 1 + B2 2). (3.10)
Inserting (3.10) into the inequality in (3.9) we obtain the following quadratic programming problem with simple (box)
constraints in terms of the Lagrange multipliers, only:
Find 1 ∈ 1(	h, gH ), 2 ∈ 2 such that
S(1, 2)S(µ1,µ2) ∀µ1 ∈ 1(	h, gH ) ∀µ2 ∈ 2,
}
(3.11)
where
S(µ1,µ2) =
1
2
(µ1,µ2)
(
Q11 Q21
Q21 Q22
)(
µ1
µ2
)
− (h1,h2)
(
µ1
µ2
)
with
Qij = BiA−1Bj , hi = BiA−1L, i, j ∈ {1, 2}.
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The iterative process (2.22) which uses the dual formulation (3.11) reads as follows:
let (	(0)h , g
(0)
H ) ∈ XhH be given;
For (	(k)h , g
(k)
H ) ∈ XhH , k = 1, 2, . . . known, solve :
(1, 2) = argmin{S(µ1,µ2), µ1 ∈ 1(	(k)h , g(k)H ), µ2 ∈ 2};
set gH
(k+1)
|Si = 
(i)
2 /measSi ∀i ∈ I;
	(k+1)h (x(i)) = |u(i)1 | ∀i ∈ I;
until stopping criterion.
⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.12)
The symbol u(i)1 in (3.12) denotes the i-th component of u1. To have u1 at disposal, it is not necessary to compute the
whole vector u from (3.10). Indeed, it is easy to show (see [11]) that u1 is related to the Lagrange multipliers which
release the constraint µ1 ∈ 1(	(k)h , g(k)H ) in (3.11). The minimization of the function S in (3.12) was realized by a
conjugate gradient method with proportioning [3].
4. Model examples
An elastic body is represented by a rectangle  = (0, 5) × (0, 1) (in m). The used material is characterized by the
Young modulus E=21.19e10[Pa] and Poisson’s ratio =0.277. The body is ﬁxed alongu={0}× (0, 1) and linearly
distributed surface tractions of density P = (P1, P2) are applied on p = 1p ∪ 2p (see Fig. 2), where
P1 = (1 − )P 1x + P 2x ,  ∈ [0, 1], P2 = 0 on 1p,
P1 = 0, P2 = (1 − )P 1y + P 2y ,  ∈ [0, 1] on 2p,
P 1x = 2.e6[N ], P 2x = 4.e6[N ], P 1y = −10.e6[N ], P 2y = 1.e6[N ]. The coefﬁcient of frictionF is deﬁned by
F(t) =
{
0.3 − 0.1t/param t ∈ 〈0, param),
0.2 t ∈ 〈param,∞). (4.1)
Three different values of param were considered, namely param = 9.e − 5, 6.e − 5, and 3.e − 5 (see Fig. 3).
The displacement vector is approximated by continuous, piecewise linear functions over ﬁve triangulationsTh of
. The total number np of the primal variables is np = 1560, 6000, 13 320, 23 520 and 36 600, respectively. For the
discretization of Lagrange multipliers we use the space LH , whose construction is described in Section 3. Recall that
dim Vh = dim LH . In what follows the symbol nd stands for the number of the dual variables. The stopping criterion
is the same in all examples, namely
‖(k) − (k−1)‖
‖(k)‖ +
‖g(k) − g(k−1)‖
‖g(k)‖ < 10
−6
,
S
Py1
Py2
Px1
Px2
Ω
Γc
Γp1
Γp2
Γu
Fig. 2. Geometry of the problem.
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Fig. 3. FunctionF.
Table 1
np nd CG it it
1560 120 334/332 10/9
6000 240 431/441 10/9
13 320 360 680/716 10/9
23 520 480 780/823 10/9
36 600 600 1034/960 11/9
Table 2
param CG it it
3.e − 5 1104 12
6.e − 5 1034 11
9.e − 5 947 10
F= 0.3 960 9
where (k), g(k) ∈ RcardI are vectors whose components are gH (k)|Si ,	
(k)
h (x
(i)), i ∈ I computed in (3.12) and ‖ ‖
stands for the Euclidean norm.
Table 1 shows how the total number of conjugate gradient iterations (CGit) and the number of ﬁxed point iterations
(it) depend on np and nd . Results for param = 6.e − 5 are represented by the ﬁrst integer in the respective column and
they are compared with the ones forF= 0.3, i.e. the case whenF does not depend on u (the second integer).
In Table 2 we illustrate how (CG it) and (it) depend onF and results are again compared with a solution independent
coefﬁcientF= 0.3 . Computations were done for np = 36 600.
The following ﬁgures depict a typical behavior of contact stresses and displacements. Results forF = 0.3 andF
deﬁned by (4.1) with param = 6 · e − 5 are compared. Figs. 4 and 5 show the distribution of contact stresses and
displacements along c. From Fig. 5(b) we see that the tangential displacements on c are higher for a solution-
dependent coefﬁcientF which is a decreasing function of |ut |.
From Fig. 6 which compares −Tt (u) with the product F(|ut |)Tn(u) one can verify the satisfaction of friction
conditions (1.6). Figs. 7(a), (b) show a detail in a vicinity of u. We see that a small part of c is stuck to the rigid
foundation S and the value Tt (u) is less than the productF(|ut |)Tn(u). Finally, Fig. 8 illustrates the functionF ◦ |ut |:
x →F(|ut (x)|), x ∈ c, i.e. the distribution of the coefﬁcientF along c for param = 6.e − 5.
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Fig. 4. (a) Normal contact stresses, (b) normal contact displacements.
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Fig. 5. (a) Tangential contact stresses, (b) tangential contact displacements.
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Fig. 6. Comparison of −Tt (u) andF(|ut |)Tn(u) (param = 6.e − 5).
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Fig. 8. Distribution of the coefﬁcientF along c .
5. Conclusions
The paper deals with a discretization and numerical realization of 2D contact problems with Coulomb friction and
a coefﬁcient of frictionF which depends on a solution. Solutions to these problems are deﬁned as ﬁxed points of an
auxiliary mapping hH . This mapping was constructed by means of a mixed ﬁnite element approximation of contact
problems with given friction and a coefﬁcient of friction which is independent of solutions. We proved the existence
of at least one solution for anyF which is deﬁned by a bounded, positive and continuous function and we established
conditions under which the solution is unique. The method of successive approximations was proposed for ﬁnding ﬁxed
points of hH . Model examples with several coefﬁcients of friction were computed. It turned out that the number of
iterations of the method of successive approximations which is necessary to get a solution with the required accuracy
is small and practically it does not depend on the slope ofF. Each iterative step was realized by a conjugate gradient
method without preconditioning. This explains the increase of the conjugate gradient iterations for ﬁner meshes. We
focused on the static case, only, because our main goal was to test the efﬁciency and the reliability of the ﬁxed point
approach. More realistic quasistatic case leads, after a time discretization, to a sequence of static problems studied in
this paper.
436 J. Haslinger, O. Vlach / Journal of Computational and Applied Mathematics 197 (2006) 421–436
Acknowledgements
Thisworkwas supported by the grant 101/04/1145 of theGrantAgency of theCzechRepublic andMSM0021620839.
References
[1] P.W. Christensen, J.S. Pang, in: M. Fukushima, L. Qci (Eds.), Frictional Contact Algorithms Based on Semismooth Newton Methods,
Reformulation—Nonsmooth, Piecewise Smooth, Semismooth and Smoothing Methods, Kluwer Academic Publishers, Dordrecht, 1998,
pp. 81–116.
[2] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, Studies in MathematicalApplications, vol. 4, North-Holland,Amsterdam, 1978.
[3] Z. Dostál, Box constrained quadratic programming with proportioning and projections, SIAM J. Opt. 7 (3) (1997) 871–887.
[4] G. Duvaut, J.L. Lions, Inequalities in Mechanics and Physics, Series in Computer Studies in Mathematics, vol. 219, Springer, Berlin, 1976.
[5] C. Eck, J. Jarušek, Existence results for the static contact problem with Coulomb friction, Math. Mod. Methods Appl. Sci. 8 (1998) 445–463.
[6] C. Eck, O. Steinbach, W.L. Wendland, A symmetry boundary element method for contact problems with friction, Math. Comput. Simul. 50
(1999) 43–61.
[7] M. Feistauer, K. Najzar, Finite element approximation of a problem with a nonlinear Newton boundary condition, Numer. Math. 78 (1998)
403–425.
[8] R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer, NewYork, 1984.
[9] J. Haslinger, Approximation of the Signorini problem with friction, obeying Coulomb law, Math. Methods Appl. Sci. 5 (1983) 422–437.
[10] J. Haslinger, I. Hlavácˇek, J. Necˇas, in: P.G. Ciarlet, J.L. Lions (Eds.), NumericalMethods for Unilateral Problems in SolidMechanics, Handbook
of Numerical Analysis, vol. IV, North-Holland, Amsterdam, 1996.
[11] J. Haslinger, O. Vlach, Signorini problem with a solution-dependent coefﬁcient of friction (model with given friction): approximation and
numerical realization, Appl. Math. 50 (2005) 151–171.
[12] I. Hlavácˇek, Finite element analysis of a static contact problem with Coulomb friction, Appl. Math. 45 (2000) 357–380.
[13] N. Kikuchi, J.T. Oden, Contact Problems in Elasticity: a Study of Variational Inequalities and Finite Element Methods, SIAM,
Philadelphia, PA, 1988.
[14] A. Klarbring, A. Mikelicˇ, M. Shillor, On friction problems with normal compliance, Nonlinear Anal. 13 (1989) 811–832.
[15] J. Necˇas, J. Jarušek, J. Haslinger, On the solution of the variational inequality to the Signorini problem with small friction, Boll. Un. Mat. Ital.
B 17 (1980) 796–811.
[16] J. Outrata, M. Kocˇvara, J. Zowe, Nonsmooth Approach to Optimization Problems with Equilibrium Constraints, Nonconvex Optimization and
its Applications, vol. 28, Kluwer Academic Publishers, Dordrecht, 1998.
